We study the theory of Sobolev's spaces of functions defined on a closed subinterval of an arbitrary time scale endowed with the Lebesgue Δ-measure; analogous properties to that valid for Sobolev's spaces of functions defined on an arbitrary open interval of the real numbers are derived.
Introduction
Sobolev's spaces are a fundamental tool in real analysis, for instance, in the use of variational methods to solve boundary value problems in ordinary and partial differential equations and difference equations. In spite of this, theory for functions defined on an arbitrary bounded open interval of the real numbers is well known, see [2] , and for functions defined on an arbitrary bounded subset of the natural numbers is trivial, as far as we know, for functions defined on an arbitrary time scale, it has not been studied before.
The aim of this paper is to give an introduction to Sobolev's spaces of functions defined on a closed interval [a,b] ∩ T of an arbitrary time scale T endowed with the Lebesgue Δ-measure. In Section 2, we gather together the concepts one needs to read this paper, such as the L p spaces linked to the Lebesgue Δ-measure and absolutely continuous functions on an arbitrary closed interval of T. The most important part of this paper is Section 3 where we define the first-order Sobolev's spaces as the space of L p Δ ([a,b) ∩ T) functions whose generalized Δ-derivative belongs to L p Δ ([a,b) ∩ T), moreover, we study some of their properties by establishing an equivalence between them and the usual Sobolev's spaces defined on an open interval of the real numbers. Section 4 is devoted to the generalization of Sobolev's spaces to order n ≥ 2.
2 Basic properties of Sobolev's spaces on time scales well-known measures as the following result shows; we refer the reader to [6] [7] [8] for a broad introduction to measure and integration theory.
Proposition 2.1. The Lebesgue Δ-measure is defined over the Lebesgue measurable subsets of T; moreover, it satisfies the following equality: Proof. From properties of measure, one can deduce relation (2.1) for the outer measures linked to these measures which plainly yields to (2.1).
As a straightforward consequence of equality (2.1), one can deduce the following formula to calculate the Lebesgue Δ-integral; this formula was proved in [4] , nevertheless, we remark that this argument is more simple than that.
3)
Say that a property P holds Δ-almost everywhere (Δ-a.e.) on A, or for Δ-almost all (Δ-a.a.) t ∈ A if there is a Δ-null set E ⊂ A such that P holds for all t ∈ A\E. 4) or there exists a constant C ∈ R such that
Note that equality (2.2) guarantees that in order for f : T → R to belong to L p Δ (T), p ∈ R, and T bounded from above, it is necessary that f (M) = 0. We will work with the
we state some of their properties whose proofs can be found in [6] [7] [8] .
is a Hilbert space together with the inner product given for every 
9)
As we know from general theory of Sobolev's spaces, another important class of functions is just the absolutely continuous functions. 
Absolutely continuous functions on T verify the integration by parts formula. Moreover, for every n ∈ N, n ≥ 1, we will denote as
where for every
First-order Sobolev's spaces
The aim of this section is to study the first-order Sobolev's spaces on J equipped with the Lebesgue Δ-measure.
with
and
is the set of all continuous functions on J such that they are Δ-differentiable on J κ and their Δ-derivatives are rd-continuous on J κ .
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The integration by parts formula for absolutely continuous functions on J establishes that the relation
is true for every p ∈R with p ≥ 1. We will show that both sets are, as class of functions, equivalent; for this purpose, we need the following lemmas.
be such that the following equality is true:
< ε, and so, by (3.4), we deduce that for every u ∈ C c (J o ), it is true that
Because the sets
are compact and disjoint subsets of J o , Urysohn's lemma allows to construct a function u 0 : J o → R which belongs to C c (J o ) and it verifies
As a consequence of the arbitrary choice of ε > 0, we achieve (3.5).
a necessary and sufficient condition for the validity of the equality
is the existence of a constant c ∈ R such that
6 Basic properties of Sobolev's spaces on time scales
Proof. The necessary condition is consequence of the fundamental theorem of Calculus.
the fundamental theorem of Calculus establishes that ϕ ∈ C 1 0,rd (J κ ) and so, equality (3.10) yields to 
the fundamental theorem of Calculus guarantees that v ∈ V 1,p Δ (J) and by the integration by parts formula, we have that for every ϕ ∈ C 1 0,rd (J κ ), 
Proof. Let {x n } n∈N be a Cauchy sequence in W 1,p Δ (J); Theorem 2.5 guarantees the exis-
to u and g, respectively, and so, by taking limits in the equality 
for some K > 0, only dependent on b − a.
The strong compactness criterion in C(J) and Proposition 3.6 allow to prove the following compactness property in C(J). On the other hand, if p = 1, then it is clear that Ᏺ p is equicontinuous whenever every point of J is isolated, while if there exists t 0 ∈ T such that t 0 is not isolated, then we will prove that Ᏺ p is not equicontinuous.
Let S := 1/(b − a + 1), let δ > 0 be arbitrary and let s δ ∈ (t 0 − δ,t 0 + δ) ∩ T be such that s δ = t 0 ; it is not a loss of generality assuming s δ < t 0 .
Define f δ : J → R as
the fundamental theorem of Calculus asserts that F δ : J → R given by
belongs to Ᏺ p ; so that, as
we conclude that Ᏺ p is not equicontinuous. Therefore, Arzelà-Ascoli theorem establishes our claims.
As a consequence of Proposition 3.6, we achieve the following sufficient condition for strong convergence in C(J).
Proof. Suppose {x m } m∈N converges weakly in W ((a,b) ).
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Moreover, there exist two constants K 1 ,K 2 > 0 which only depend on (b − a) such that the inequalities As an application of the previous result, we will prove that some properties known for W 1,p ((a,b)) are directly transferred to W 1,p Δ (J); in order to do this, we will use the following result. 
moreover, as we know that ((a,b) ). Corollary 3.11. Let p ∈R be such that p ≥ 1. Then, for every q ∈ [1,+∞), the inmersion W
Proof. Fix q ∈ [1,+∞); as a consequence of Proposition 3.7 and the fact that the inmer-
whenever J has at least one not isolated point.
Assume the existence of a not isolated point t 0 ∈ J and let {x n } n∈N be a sequence in Ᏺ 1 . Corollary 3.9 ensures that {x n } n∈N , defined in (2.13), is a bounded sequence in W 1,1 ((a,b) ) and hence, there exist {x nk } k∈N and y ∈ L q ([a,b] ) such that {x nk } k∈N converges strongly in L q ([a,b] ) to y. By defining x := y |J , it is not difficult to prove that Proof. Let p ∈R be such that p ≥ 1. We know, from Corollary 3.9, that the operator p ((a,b) ) given for every x ∈ W 1,p Δ (J) by T p (x) :=x, defined in (2.13), is linear and continuous. It follows from Corollary 3.9 and Proposition 3.10 that ,b) ). Therefore, since W 1,p ((a,b)) is reflexive whenever p ∈ (1,+∞) and separable whenever p ∈ [1,+∞), T p (W ((a,b) ). Hence, our claim follows from equalityx |J = x and Proposition 3.10. ((a,b) ) and so, there exists a sequence {y n } n∈N ⊂ C 1 c ((a,b) ) which converges strongly in W 1,p ((a,b)) tox. By defining x n := y n |J , n ∈ N, one can deduce that x n ∈ C 1 0,rd (J κ ) for every n ∈ N and {x n } n∈N converges strongly in W 1,p Δ (J) to x. As a straightforward consequence of the previous result, Corollary 3.9, and the characterization of W ,b) ). By using Proposition 3.15, we are able to prove the validity of Poincaré's inequality.
The spaces W
Proof. Choose x ∈ W 1,p 0,Δ (J); the fundamental theorem of Calculus and Proposition 3.15 allow to assert that the following inequality
is valid for every t ∈ T. Thus, (3.32) follows from Hölder's inequality. 
12 Basic properties of Sobolev's spaces on time scales
It is easy to prove the following characterization of the set W n,p
and for all j ∈ {2, ...,n},
and C The integration by parts formula for absolutely continuous functions on closed subintervals of T establishes that the relation
is true for every p ∈R with p ≥ 1; moreover, both sets are, as class of functions, equivalent as one can check in the following result. hold.
